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Abstract— Formal concept analysis is a mathematical tech-
nique to analyze binary relations. It has been successfully
applied to various software engineering problems. This pa-
per gives a brief introduction to concept analysis.
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I. FORMAL CONCEPT ANALYSIS

ORMAL concept analysis is a mathematical technique
for analyzing binary relations. The mathematical
foundation of concept analysis was laid by Birkhoff [1] in
1940. For more detailed information on formal concept
analysis we refer to [2], [3], where the mathematical foun-
dation is explored.
Concept analysis deals with a relation Z C O x4 between
a set of objects O and a set of attributes A. The tuple C =
(0, A,7) is called a formal context. For a set of objects
O C O, the set of common attributes o(O) is defined as:

0(0)={a€ A (0,a) €T for all 0 € O} (1)

Analogously, the set of common objects 7(A) for a set of
attributes A C A is defined as:

7(A) ={0o€ O | (0,a) €T for all a € A} (2)

A formal context can be represented by a relation table,
where the columns hold the objects and the rows hold the
attributes. An object o; and attribute a; are in the rela-
tion Z iff the cell at column ¢ and row j is marked by 7 x”.
As an example, a binary relation between arbitrary objects
and attributes is shown in Fig. 1(a). For that formal con-
text, we have:

o({or}) = {a1,a4,a6,a7}
7({as,a7}) = {o1,03}

A tuple ¢ = (O, A) is called a concept iff A = ¢(0)
and O = 7(A), that is, all objects in ¢ share all attributes
in ¢. For a concept ¢ = (0, A), O is called the extent of
¢, denoted by extent(c), and A is called the intent of ¢,
denoted by intent(c). Informally speaking, a concept cor-
responds to a maximal rectangle of filled table cells modulo
row and column permutations. In Fig. 1(b), all concepts
for the relation in Fig. 1(a) are listed.

The set of all concepts of a given formal context forms a
partial order via the superconcept-subconcept ordering <:

(01,41) £ (02,42) & 01 C Oz 3)

or, dually, with
(O1,A1) £ (02,42) & A1 D Ay (4)
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Note that (3) and (4) imply each other by definition. If
we have ¢; < ¢g, then ¢; is called a subconcept of ¢y and
¢o is called superconcept of ¢;. For instance, in Fig. 1(b)
we have ¢4 < 9.

The set L of all concepts of a given formal context and
the partial order < form a complete lattice, called concept
lattice:

L(C) ={(0,4) € 2°x24 | A = 5(0) and O = 7(A)} (5)

The infimum (1) of two concepts in this lattice is com-
puted by intersecting their extents as follows:

(Ol,Al)l_l(Oz,Ag) = (01 n 02,0(01 n 02)) (6)

The infimum describes a set of common attributes of
two sets of objects. Similarly, the supremum (L) is de-
termined by intersecting the intents:

(Ol,Al)U(OQ,AQ) = (T(A1 n AQ),Al n Az) (7)

The supremum yields the set of common objects, which
share all attributes in the intersection of two sets of at-
tributes.

The concept lattice for the formal context in Fig. 1(a)
can be depicted as a directed acyclic graph whose nodes
represent the concepts and whose edges denote the
superconcept-subconcept relation < as shown in Fig. 2(a).
The most general concept is called the top element and
is denoted by T. The most special concept is called the
bottom element and is denoted by L.

The concept lattice can be visualized in a more readable
equivalent way by marking only the graph node with an
attribute a € A whose represented concept is the most gen-
eral concept that has a in its intent. Analogously, a node
will be marked with an object o € O iff it represents the
most special concept that has o in its extent. The unique
element in the concept lattice marked with a is therefore:

u(a) =U{c e L(C) | a € intent(c)} (8)
The unique element marked with object o is:
v(0) =M{c € L(C) | o € extent(c)} 9)

We will call a graph representing a concept lattice using
this marking strategy a sparse representation of the lat-
tice. The equivalent sparse representation of the lattice in
Fig. 2(a) is shown in Fig. 2(b). The content of a node N
in this representation can be derived as follows:

o The objects of N are all objects at and below V.

o The attributes of IV are all attributes at and above N.
For instance, the node in Fig. 2(b) marked with o; and ay
is the concept ¢4 = ({01}, {a1, a4,a6,a7}).



| l a1 [a> [a3 [ as [as [ as | a7 |

01 X X X X
02 X X X X
03 X X X X

(a) A formal context.

Fig. 1.
listed on the right.

({01, 02,03}, {ar})
({o1,03},{as, ar})

({o1,02},{as4,ar})

({01}, {a1,a4,0a6,0a7})

({02}, {a2,a4,0as5,a7})

(0,{a1,a2,as,as,as,as,a7})

(a) Full concept lattice.

({02, 03}, {as,ar})

({03}, {as,as,a6,a7})

T ( 01702703}1{0‘7 )

c1 ({o1,02},{a4,ar})

c2 ({o1,03},{as,ar})

3 ({02, 03},{as,ar})

Cc4 ( 015,101,04,06,07 )
cs ({o2},{a2,0a4,05,a7})
C6 ( 035,103,05, 06,07 )

L || (0,{a1,a2,a3,a4,a5,a6,a7})

(b) Concepts for the formal con-
text.

An example relation between objects and attributes. The corresponding concepts that can be derived from the formal context are

(0, {ar})
(0, {as})
(0, {as}) (0, {as})
({o1};{a1}) ({os},{as})
({02}, {a2})
©,0)

(b) Sparse representation.

Fig. 2. The concept lattices for the example context in Fig. 1.

For practical reasons, it is sometimes useful to apply only
one of (8) or (9). For example if we have a large number of
attributes but just a small number of objects, we eliminate
the redundant appearance of attributes and keep the full
list of objects in the concepts.

Uses in Software Engineering

Primarily Snelting has recently introduced concept anal-
ysis to software engineering. Since then it has been
used to evaluate class hierarchies [4], explore configura-
tion structures of preprocessor statements [5], [6], for re-
documentation [7], and to recover components [8]-[14]. All
of that research utilizes static information derived from
source code.

Ball [15] describes how to use concept analysis for the
dynamic analysis of test sets. The source code is instru-
mented and profile information is gathered. The results of
concept analysis on the data are used to provide an inter-
mediate point between entity-based and path-based cover-
age criteria.
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